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We prove Liouville type of theorems for weak solutions of the 
Navier-Stokes and the Euler equations. In particular, if the pressure 
satisfies p € L 1 (0, T; L 1 (IR iV )) with f RN p(x,t)dx > 0, then the corre- 
sponding velocity should be trivial, namely v = on R N x (0,T). In 
particular, this is the case when p £ L 1 (0, T; )), where 7^ 1 (R Ar ) 

the Hardy space. On the other hand, we have equipartition of energy 
over each component, if p G L 1 (0, T; L 1 (IR 7V )) with f RN p(x,t)dx < 0. 
Similar results hold also for the magnetohydrodynamic equations. 



1 Introduction 

We are concerned on the Navier-Stokes equations (the Euler equations for 
v = 0) on R N , N G N, N > 2. 



— + • V)u = -Vp + uAv, (x, t) e R N x (0, oo) 
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Abstract 




div v = 0, (x,t) eR N x (0,oo) 
v(x,0) = vq{x), xeR N 



where v(x, t) = £),••• ,v N (x,t)) is the velocity, p = p(x, t) is the pres- 

sure, and v > is the viscosity. Given a, 6 G R , we denote by a®b the N xN 
matrix with (a ® 6)^ = ajfoj. For two N x N matrices A and S we denote 
^ : B = E£=i ^i,-. Given m G N U {0}, q G [1, oo], we denote 

W™' q (R N ) := {v G [W m ' q (R N )] N , divv = 0} , 

where W m,q (R N ) is the standard Sobolev space on R , and the derivatives in 
div (•) are in the sense of distribution. In particular, H™(R ) := W™' 2 (R ) 
and L'(R^) := W^' 9 (R ). The Schwartz class of functions, which consists 
of rapidly decreasing smooth functions, is denoted by S with its dual S'. Let 
if G S(R N ) with J RN <p(x)dx ^ be given. We set <p t (x) = t- N ip{r x x),t > 0. 
Then, the Hardy space TC q {R N ), < q < 1, is defined by 

W«(R*) = (/G5'| := sup |/ * ^(z)| G L q (R N ] 

I t>o 

with the norm H/H^ := H-Mp/IU'- It is well-known that the definition is 
independent of the choice of tp G S with f RN ip(x)dx ^ 0(see [ID])- A property 
of 7Y 9 (R ), which will be used later is the fact about its dual 

[H q (R N )]' = (T(R N ), T = JvQ-lJ, (1.1) 

if < p < 1, where C 7 (R Ar ) is the homogeneous Holder space. In R^ we 
define weak solutions of the Navier-Stokes(Euler) equations as follows. 

Definition 1.1 We say the pair (v,p) G £ x (0, T; L*(M. N )) x L 1 (0, T; ^'(R"^)) 
is a weafc solution of (NS) U onR N x (0,T) 

v(x,t) ■ 4>(x)£'(t)dxdt — / / v(x,t) <g> v(x,t) : V(j)(x)£(t)dxdt 



</0 ^1^ 



= / < p(t), div (f) > Z,(t)dt + v [ [ v(x,t) ■ A(f>(x)£(t)dxdt 
Jo Jo Jr n 

(1.2) 

/or a// f G Cq(0,T) and = [C^M^)]^, w/iere < -, • > denotes the dual 
pairing between S and S' . 
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The definition is weaker than the standard Leray-Hopf weak solution for 
the Navier-Stokes equations, since we are concerned also on possible weak 
solutions of the Euler equations, the right function space of whose existence 
is not yet known. Below we denote 

£&) = \ [ (v j (x,t)) 2 dx, j = l,..-,N 
1 Jrn 

which will be called the j—th component of the total energy, 
£{t) 



\ [ \v{x,t)\ 2 dx = £ 1 (t) + ■ ■ ■ + £ N {t). 
1 Jrn 



2 

Let us introduce the function class, 

L]_(0,T; L 1 (R N )) — If e L 1 (0, T; L 1 (R iV )), / f(x, t)dx > (<) a.e. t e (0, T) 
I Jr n 

Theorem 1.1 Let (v,p) be a weak solution to (NS) U with v > 0. 
(i) (Liouville type of property) Suppose 

either p e L^(0,T; L\R n )), or p e L\0, T; H q (R N )) (1.3) 
for some q G (0, 1]. Then, 

v(x, t) = a. e. in R N x (0, T), (1.4) 

(i) (Equipartition of energy) Suppose p G L]_(0,T; L 1 (IR Ar )). Then, 

E^t) = ■ ■ ■ = £ N {t) = -\ f p{x,t)dx, (1.5) 

Z JR N 

and 

/ v j {x,t)v k {x,t)dx = Vj, A; G {1, • • • , N} with j^k (1.6) 
for almost every t G (0, T). 
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Remark 1.1 Let us recall that J RN f(x)dx = 0, if / G ^(R^), where ^(M^) 
is the Hardy space in IR^see [10J ) , and 

L^O.T;^ 1 ^)) CL^O,!;! 1 ^)). 

The part (i) of the above theorem says that the cancelation property of the 
pressure is nt allowed for nontrivial solutions of the Navier-Stokes and the 
Euler equations. Note that the condition (11.31) with q — 1 is already far 
beyond the natural scaling of the usual regularity criterion on the pressure 
for the Navier-Stokes equations, 

2 /V 

pe L q (0,T;L r (R N )), - + — < 2. 

q r 

(see [21 Q]), and our conclusion is not just the solution is regular, but it is 
trivially zero. 

Remark 1.2 We also recall the relation between the pressure and velocity 
for the Navier-Stokes and Euler equations: 

N 

p(x,t) = [RjRk(v 3 (-,t)v k (-,t)} (x), (1.7) 
j,k=i 

where Rj,j — 1, ■ ■ • , N, is the Riesz transforms in M. N , defined by 

JW)(s) = C N lim| |>£ ^f{x - y)dy, C N = -±^1 

Thus, we find that (I1.3P with q = 1 is guaranteed if 

w^weL^T;^)). (1.8) 

In reality the pressure for the Leray weak solutions of the N-dimensional (N = 
2,3) Navier-Stokes equations has the property that v G L 2 (0,T; H^(M. N )) n 
L oo (0,T;L2(R JV ))([8j), which implies 

f ® f G L 1 (0, T; L q (E. N )) (1.9) 

for all q G [1, if > 3, while q G [1, oo) if iV = 2. On the other hand, 
we note that the local smooth solution v G C([0, T); H™(R N )), m > N/2 + 1, 
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constructed by Kato([5]), has the property v G C([0,T);L%(M. N )) for all q G 
[2, oo] due to the embedding H m (R N ) ^ L°°(R N ), combined with the inter- 
polation between L 2 (R N ) and L°°(R N ). Hence, for v G C([0, T); H™(R N )), 
m > N/2 + 1, we have 

v®v G C([0,T);L 9 (R N )) VgG[l,oo]. (1.10) 

It would be interesting to recall the related known properties of the pressure 
for the Leray weak solutions, which are proved in [3] (see also [9]): 

D 2 p G L 1 (0,T;H 1 (R N )), 

Vp G L 2 (0, T; 7i 1 (lR Af )) fl L 1 (0, T; L 7 ^ ,1 (R N )), 

j L 1 (0,T;L^' 1 (R N )), N >3 

P e [L\0,T;Co(M 2 )), N = 2 

where L q,r (R N ) is the Lorentz space, and Co(M 2 ) is the class of continuous 
functions vanishing near infinity 

Remark 1.3 One immediate corollary of the above theorem is that the fol- 
lowing pressureless Navier-Stokes(Euler) system is locally ill-posed if v G 

H™(R N ), m > N/2 + 1, 

— + (v ■ V)v = uAv, (x, t) G R N x (0, oo) 

div v = 0, (x,t) G R N x (0,oo) 

v (x, 0) = vq(x), div vq = 0, a; G 

since we need to have v(-, t) = for t > from the fact J RJV p(x, t)<ix = for 
alH>0. 

Remark 1.4 In [5] the equipartition of energy over each component has been 
derived for steady Euler equations in a different context, using different def- 
inition of weak solutions. A completely different type of approach to the 
Liouville type of theorems for the Navier-Stokes equations is studied in [7]. 



2 Proof of the Main Theorem 

Proof of Theorem 1.1 

(a) the case p G L 1 (0, T; L 1 (R JV )) : Let us consider a cut-off function a G 
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if \x\ 


1° 


if \x\ 



2 Vi? 



C^°(R Ar ) such that 

a(x) = cr(|x|) 

and < <y(x) < 1 for 1 < \x\ < 2. Then, given R > 0, we set 

Let £ G Cq(0, T). We choose the vector test function in (II. 2p as 

Xicr R (x) + -^dxa R (x), -±d 2 a R (x), ■■■ , -±d N a R (x) J . 

Then, (11.21) becomes 

t)) 2 (T R (a;)£(t) dxdt 

np{x, t)a R {x)^ (t) dxdt 
_.N 

v\x,t)) 2 




'0 JM. N 





+ 

/o Jr n 

N r T 
J'=2 

AT ^ 

+ 



2xi9icr /? (x) + ^-dla R {x) 







f t)v^(x, t) 



xidj<y R (x) + Y^idjanix) 




o Jr n 



v^(x, t)v k (x, t)x\djdk<J R {x)^{t) dxdt 




p(x,t) 



'0 •/R JV 

:= Ji + • • • + 7 6 . 



2C 

2x 1 d 1 CT R (x) + yA(J fl (l) 



(2.1) 



Note that the first term of the left hand side and the second term of the right 
hand side in (11.21) vanish, since 

nv(x,t) ■ Vy R {x)i'{t)dxdt = 0, 
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and 

/ / v{x, t) ■ V(A<p R (x))£{t)dxdt = 
Jo Jr n 

for v G L^O, T; Z^QR*)) by the definition of diver gence free condition in the 
sense of distribution. We pass R -> oo in (I2TT1) . Since u G Z°°(0, T; L^M^)) 
by hypothesis, 



h- I / Mx,t)) 2 £(t)cfedt 





< / / faix^YlZWlll- * R (x)\dxdt 

'0 ^K^ 
•T 



< sup |f(t)| / f (v 1 (x,t)fdxdt (2.2) 

0<t<T Jo J\ X \>R 



Since 



9ii(t) '•— / ( v i( x , t)) 2 dx — > as i? — > oo 
for almost every £ G (0, T), and 



with g G Z 1 (0, T), we can apply the dominated convergence theorem in (12.21) 
to get 



and hence 



/ / (v 1 (x, t)) 2 dxdt — > as R — > oo, 

Jo J\x\>R 



I\ — > I / (vi(x, t)) 2 £,(t) dxdt as R — >• oo. 

'0 JM^ 



(2.3) 



Since p G Z x (0, T; L 1 (M JV )), we have 



h ~ I / p(x,t)^(t) dxdt 
Jk^ 



< sup / / |p(x, £)| |1 — ctr(x)| dxdt 

0<t<T Jo JR^ 



< sup |£(t)| / / |p(x,t)|dxdt -> 

0<t<T Jo i|x|>_R 



as i? — ^ oo by the dominated convergence theorem. Hence, 
h ^ / p( x ,t)£(t) dxdt as i? — > oo 



(2.4) 



We will show below that I3, ■ ■ ■ , I§ — > as R — > 00. In view of (jl.8p Next, 
we note that for m > 1 and j, G {1, • • • , iV} 



f (*y t)v fc (x, t)x^D m a R {x)dxdt 



./R^ 



1 



R Ks<2 



r 



ie(t)iiw(x,t)i 2 |xrrfx^ 

'0 ./ii<|a;|<2.R 

<2 m sup |a (m) (s)| sup \£{t)\ [ [ \v(x,t)\ 2 dxdt 

Ks<2 0<t<T Jo JR<\x\<2R 

-> (2.5) 

as i? — > 00 by the dominated convergence theorem, which shows that J3, I± 
and J5 converge to zero as R — > 00. Similarly, 



t(t)p(x,t)x r ?D m a R (x)dxdt 



./R^ 



< — sup | ff M( a )i / / K(t)iiPCM)ii*r<*Htt 

-K 1< S <2 7o -/fl<|i|<2fl 

<2 m sup |a (m) (s)| sup |f(t)| / / \p{x,t)\dxdt 

Ks<2 0<t<T Jo Jr<\x\<2R 

-> 



(2.6) 



as i? — > 00 by the dominated convergence theorem, which shows that ^6 
converges to zero as R — > 00, since p G L 1 (0, T; L 1 (M iV )). Therefore, after 
passing i? — > 00 in ( 12. ip . we are left with 



f (t) [(^(x, t)) 2 + p(x, t)] dxdt = V£ G Cj}(0, T). 



^R^ 



Hence, 



= — - / p(x,t)dx for almost every t G (0, T). 



Similarly, if we choose the vector test function in ( \1.2h as 

-<^0)V J G {!,•■■, AT} 



/y.2 
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then we could obtain 

cT 




i{t) [{v* (x, t)) 2 + p{x, t)] dxdt = V£ e Cg(0, T), 

'0 ^R^ 

and hence 

1 y 

= — - / p(x,t)dx for almost every t e (0, T) 

for all j G {1, ■ • • , iV}. This proves (|l.5p . In order to prove (jl.6p we choose 
the test function 

= V (xix 2 a jR (x)) 
= (x 2 a R (x) + x 1 x 2 d l a R {x),x 1 a R {x) + x 1 x 2 d 2 a R {x), x 1 x 2 d^a R {x), 
■ ■ ■ ,xix 2 d N a R (x)). 

Then, we have 

= 2 / / v l (x,t)v 2 (x,t)a R (x)£(t)dxdt 
Jo Jr n 

pT 

+ 



n(v 1 (x,t)) 2 [2x 2 di<r R (x) + XiX 2 dfa R (x)] £(t) dxdt 

n(v 2 (x,t)) 2 \2xid\a R {x) + XiX 2 d 2 a R {x)\ £(t) dxdt 



+ / v 1 (x,t)v 2 (x,t) [xidia R (x) + x 2 d 2 a R (x) + 2xix 2 did 2 a R (x)] ^(t) dxdt 
Jo Jr n 

N T 

+2 2^ / / v 1 (x, t)v s {x, t) [x 2 dj(j R (x) + xix 2 didj(j R (x)} dxdt 
~^Jo Jr n 

N T 

+2V / v 2 (x,ty(x, t) [xxdj(T R (x) + XiX 2 d\dj(j R (x)] £(t) dxdt 
~^ Jo Jr n 

N T 

+2 22 / / v j (x,t)v k (x,t)xix 2 djd k a R (x)^{t)dxdt 



j,k=3 



o Jr n 



+ / / p(x,t) [2x 2 dia R (x) + 2xid 2 a R (x) + xix 2 Aa R (x)]^(t)dxdt 
Jo Jr n 

:= Ji + • • • + J 8 . (2.7) 



Similarly to the previous proof we deduce 

Ji-2 [ I v 1 (x,t)v 2 (x,t)£(t)dxdt 
Jo JR N 

<2 / \v\x } t)v 2 (x } t)\ \£(t)\ |1 - a R (x)\dxdt 
Jo Jr n 

T 

2, 



<2 sup \£(t)\ / / \v(x,t)\ 2 dxdt -> 

0<t<T Jo J\ X \>R 

by the dominated convergence theorem, and 

Jx^2 I [ v 1 (x,t)v 2 (x,t)£(t)dxdt. 
Jo Jr n 

Using the computations similar to (12.51) and (12.61) . we also find that 
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| Jk\ — > as R — > oo. 



fc=2 



Hence, taking i? — > oo in (12.71) . we are left with 

0=[ [ v\x,t)v 2 (x,t)^t)dxdt Vf eCj}(0,T), 
and therefore 

/ v 1 (x,t)v 2 (x,t)dx = for almost every t G (0, T). 

Similarly, choosing the test function 

(j)(x) = V(xjX k a R (x)), j, k G {1, • • • , iV}, j ^ fc 
and repeating the above argument, we could drive 

v^(x, t)v k (x, t)dx = for almost every t E (0, T). 
for all j, k G {1, • • • , N} with j ^ k. 

(b) the case p e L\0, T; H q {R N )), < g < 1 : The borderline case 

10 



is contained in the part (a) above (see Remark 1.1), and we assume here 
< p < 1. In order to derive the Liouville type of property in this case it 
suffice to show that I2, Ie — > as R —>■ 00 in (12.11) . This can be shown by the 
following estimates for m G N U {0} 

f at)<P(;t),<D m a R (x)>dt 
Jo 

< sup / m\Mt)\\wdt\\x?D m a R {x)\\c, 

0<t<T Jo 
C 

< ^lklU«(o,r)|b(t)IUi(o,T ) -««) -> 0, 

where 7 = N(l/q - 1) > 0, where we used the duality, [H q (R N )]' = C^{R N ), 
and the simple estimate, 

\KD m a R {x)\\c<^. 

□ 



Remark after the proof A natural question is if there exists an initial data 
v Q G H™(M N ), m > N/2 + 1, with div v = such that the corresponding 
initial pressure satisfies 

N 

Po=Y, RjMvU) e L\R N ), (2.8) 
j,k=i 

but £j(0) 7^ £fc(0) for some j, G {1, • • • ,N}, j 7^ fc. If this is possible, 
then it implies that function t 1— > ||p(t)|| L i is discontinuous at t = 0+ for 
the local classical solution (v(-,t),p(-,t)) constructed by Kato([6]) with such 
initial data. Using the Fourier transform, Professor P. Constantin showed 
that there exists no such initial data([3]). Actually similar conclusion can 
be derived by slight change of the above proof as follows. From the relation 
(EU) we have 

- f Po (x)Ailjdx = V / vl{x)vl{x)d j d k il){x)dx G C$(R N ). 
Jr n fj^ 1 Jm. n 
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Similarly to the above proof, choosing ip(x) = XjXk<Jn(x), and then passing 
R — > oo, we have 

-/ Po (x)dx= [ (v J (x)) 2 dx Vj = l,...,N 
Jr n Jr n 

for j — k, while 

/ v 3 o (x)v*(x)dx = Vj,k = l,--- ,N, 

for j 7^ k. 

3 Remarks on the MHD equations 

In this section we extend the previous results on the system (NS) U to the 
magnetohydrodynamic equations in ~R N , N > 2. 

( dv _ 1 

— + (v ■ V)u = (b ■ V)6 - V(p + -|6| 2 ) + i/Au, 



(MHD) MjI/ { 



di v ' y ' ^ T 
db 

+ (v . v)6 = (6 • V)u + //A6, 



div f = div 6 = 0, 

k v(x, 0) = v (x), b(x,0) = b (x) 

where v = (vi, ■ ■ ■ ,vn), Vj = Vj(x,t), j = 1, • • • , N, is the velocity of the 
flow, p = p(x,t) is the scalar pressure, b = (pi, ■ ■ ■ , 6jv), bj = bj(x,t), is the 
magnetic field, and vq, bo are the given initial velocity and magnetic field, 
satisfying div v = div& = 0, respectively. Let us begin with the definition 
of the weak solutions of (MHD)^ U . 

Definition 3.1 We say the triple (v,b,p) e [L 1 (0, T; L^(R iV ))] 2 xL 1 (0, T; S'(M. N )) 
is a weak solution of (MHD)^ U on R N x (0, T), if 

[ v(x,t) ■ (f)(x)£'(t)dxdt- I [ v(x,t) ®v(x,t) : V <j>{x)£{t)dxdt 
Jrn Jo Jr n 

-[ I b(x, t) <S> b(x, t) : V<f>(x)£(t)dxdt + f < p(t), div0 > £(t)dt 
Jo Jr n Jo 

+ o / / \b(x,t)\ 2 div (p(x)£(t)dxdt + v \ \ v(x,t) ■ A(f)(x)C,(t)dxdt, 
2 Jo Jr n Jo Jr n 

(3.1) 
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and 

I b(x, t) ■ <j>(x)g(t)dxdt - [ [ v(x, t) <g> b(x, t) : V '(j>(x)£(t)dxdt 
o Jr n Jo Jr n 

/ b(x,t)®v(x,t) :V(j)(x)£{t)dxdt + n I I b(x,t) ■ A<j>(x)£(t)dxdt 
o Jr n Jo Jr n 

(3.2) 

for all £ G Cg(0,T) and <f) = [C™(R N )] N . 

We have the following theorem. 

Theorem 3.1 Suppose (v, b,p) ia a weak solution to (MHD)^ V with fi, v > 
onR N x (0, T) satisfying 

either p G £+(0, T; L 1 (R Ar )), or p G L^O, T; H q (R N )) (3.3) 

for some q G (0, 1]. Then, for N > 3, we have 

v(x, t) = b(x, t) = a.e. m R^ x (0,T), (3.4) 

ioMe for N = 2 

v(x,t) = 0, a.e. m R 2 x (0, T), (3.5) 

(6 1 (a:,t)) 2 dx= / (6 2 (x,t)) 2 cix (3.6) 
Jr 2 

almost everywhere in (0, T), and b(x, t) is a weak solution of the heat equation 
d t b = nAb. 

Proof The method of proof is similar to that of Theorem 1.1 with slight 
changes. We will be brief, describing only essential points. We choose the 

vector test function <\> = V (-±an(x)) with j G {1, • ■ ■ , N} in (13.11) . Then, in 
the case p G L x (0,T; L 1 ^)), we obtain that 

/ {v j (x,t)fa R (x)i(t)dxdt = -f [ (b> (x,t)) 2 a R (x)£(t)dxdt 
o Jr n Jo Jr n 

+— j [ \b(x,t)\ 2 a R (x)t;(t)dxdt + j j p{x,t)dxa R {x)^{t)dxdt + o(l), 

2 Jo Jrn J J r n 

(3.7) 
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where o(l) denotes the sum of the terms vanishing as R — > oo. Taking 
i? — > oo in ( 13.71) . and summing over j = 1, • • • , N, we find that 

N — 2 f T f 

\v(x,t)\ 2 £(t)dxdt — / / \b(x,t)\ 2 £(t)dxdt 

2 Jo Jr n 

= N / p(x,t)dx£(t)dxdt. 
Jo Jr n 

(3.8) 

If p G L^O^L 1 ^)), choosing £ G C2(0,T) with f(t) > in (15351) . then 
iV > 3 implies t>(x, t) = b(x,t) = and p(x,t) = for almost every (x, t) G 
x (0,T). If JV = 2, instead, then = and p(x,t) = for almost 

every (x,t) eR N x (0,T). Then, (J3J2|) becomes 

b(x, t) ■ (f)(x)£'(t)dxdt = n [ [ b(x, t) ■ A<j>(x)£(t)dxdt 



o 



for all cj) G [C${R N )] N and f G C^(0,T), which shows that &(x,t) is a weak 
solution of d t b = p,Ab. Moreover, after passing R — ► oo, the equation (13.71) 
with j = 1 becomes 

[(6 2 (a;,t)) 2 - (fc 1 ^,*)) 2 ] C(t)dxdt = 0, V£ G Cg(0,T) 

and hence we obtain (|3TBj) . In the case p G L x (0, T; H q {R N )), < q < 1, 
following the same argument as in the part (b) of proof of Theorem 1.1 in 
the previous section, one can derive 

N — 2 f T f 

\v(x,t)\ 2 £(t)dxdt — / / \b(x,t)\ 2 £(t)dxdt = 



2 

instead of (13.81) . from which our conclusion follows. □ 
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